In this article we concern higher syzygies of line bundles on X = P C (E) where E is a vector bundle of rank n + 1 over a smooth projective curve C of genus g. Let H be the tautological line bundle of X and projection π : X → C. Our main result is that for a = 1 or n = 1 or n = 2 and a = 2 (i.e. scrolls of arbitrary dimension or ruled surfaces or quadric surface fibrations), aH +π * B satisfies Property N p holds if aµ − (E) + deg(B) ≥ 2g + 2p. In particular, we generalize Green's "2g + 1 + p" theorem to the case of ruled scrolls over C of arbitrary dimension. However we can also explain that such a behavior fails to hold for all other cases(that is, n = 2 and a ≥ 3 or n ≥ 3 and a ≥ 2). Our result shows that Property N p of aH + π * B is closely related to that of fibres, i.e. the Veronese embedding (P n , O P n (a)).
Introduction
For a projective variety X and a very ample line bundle L on X, the equations defining X ⊂ P = PH 0 (X, L) and the higher syzygies among them have been studied by several authors( [2] , [4] , [5] , [6] , [7] , [10] , [12] , etc). Classical results is about the numerical and cohomological conditions to guarantee that X is projectively normal or cut out by quadrics. Nowadays this problem is generalized by M. Green [5] to find a condition for Property N p . We recall the definition of Property N p given by Green-Lazarsfeld [7] .
Let S be the homogeneous coordinate ring of P, I X ⊆ S the homogeneous ideal of X, and S(X) = S/I X the homogeneous coordinate ring of X. Now let us consider the minimal free resolution of the graded S-module S(X):
where L i , as free graded S-module, can be written as Note that X is projectively normal if and only if L 0 = S, and cut out by quadrics if and only if L 1 = S k 1,1 (−2). M. Green considered the situations in which the first few modules of syzygies of S X are as simple as possible: Definition 1.1. For a nonnegative integer p, L is said to satisfy N p property if k i,j = 0 for 0 ≤ i ≤ p and j ≥ 2.
So, remark that L satisfies N 0 if and only if L is normally generated(i.e., projectively normal), L satisfies N 1 if and only if L satisfies N 0 and the homogeneous ideal is generated by quadrics, L satisfies N 2 if and only if L satisfies N 1 and the relations among the quadrics are generated by the linear relations and so on.
In [5] , M. Green proved that when C is a smooth curve of genus g and deg(L) ≥ 2g + 1 + p for a nonnegative integer p, then L has Property N p . For ruled varieties over a smooth curve, D. Butler prove "Mukai" type results. And in this article we aim to clear up questions about higher syzygies of ruled varieties over a smooth curve. For a precise statement we need some notations. Let C be a smooth projective curve of genus g. For a vector bundle E of rank n + 1 over C, let X = P C (E) be the ruled variety with tautological line bundle H and projection map π : X → C. Therefore
Since for a fixed a ≥ 1 and B ∈ PicC, aH + π * B is very ample if deg(B) is sufficiently large(cf. Lemma 4.1), it seems natural to ask the following question:
(⋆) For fixed a ≥ 1 and p ≥ 0, find a positive integer s such that aH + π * B satisfies Property N p if deg(B) ≥ s.
About this question, Rubei's observation for higher syzygies of product of smooth projective varieties [12] shows that surprisingly higher syzygies of (X, aH + π * B) is obstructed by that of fibres, i.e. the Veronese embedding (P n , O P n (a)) at least for the case of X = C × P n (i.e. E = ⊕ n+1 O C ). Indeed his proposition implies that (C × P n , aH + π * B) fails to satisfy Property N p if (P n , O P n (a)) does not satisfy Property N p . Here we recall the following:
(1) (Ottaviani-Paoletti, [10] ) When n ≥ 2 and a ≥ 3, (P n , O P n (a)) fails to satisfy Property N 3a−2 . (2) (Jozefiak-Pragacz-Weyman, [9] ) When n ≥ 3 and a = 2, (P n , O P n (2)) does not satisfy Property N p if and only if p ≤ 5.
Therefore concerning question (⋆), one can expect positive answers only for the cases a = 1 or n = 1 or n = 2 and a = 2. For arbitrary (n, a), the following is known: ( * ) (Butler, [2] ) For a vector bundle E over C a smooth projective curve of genus g, let X = P(E) with tautological line bundle H and projection map π : X → C. For a line bundle L = aH + π * B (a ≥ 1, B ∈ P icC) on X, (i) If µ − (π * L) ≥ 2g + 1, then L is normally generated.
(ii) For an integer 1 ≤ p ≤ a, assume that µ − (π * L) ≥ 2g + 2p. Then (X, L) satisfies N p .
This work is closely connected with solving Mukai's conjecture for the case of ruled varieties over a curve. But also one can view this as a generalization of Green's result [6] that (P n , O P n (a)) satisfies Property N a to ruled varieties over a curve. Along this viewpoint, we may expect that when a = 1 or n = 1 or n = 2 and a = 2, the condition "1 ≤ p ≤ a" can be removed in Butler's theorem. And our main results are followings: 
Theorem 1.3. Let E be a rank 3 vector bundle and let L = 2H + π * B. Assume that (a) 7µ(π * L) ≥ µ + (π * L), and
Then L has property N p . (Note that when E is semi-stable, the first condition is trivial.) Theorem 1.1 is a generalization of Green's "2g + 1 + p" theorem to the case of ruled scrolls over a curve. Also since µ − (π * L) = aµ − (E) + deg(B), these theorems say that for a given p ≥ 0, L = aH + π * B satisfies Property N p holds if deg(B) is sufficiently large when a = 1 or n = 1 or n = 2 and a = 2. This gives almost complete answer for the question (⋆) above because for other (a, b) we know that p is bounded by a at least for trivial cases. Therefore results about higher syzygies of ruled varieties over a curve is summed up as follows: The parenthesized numbers in the table refer to the notes which explain each entry.
(1) This is Green's "2g + 1 + p" theorem [5] .
(2) Theorem 1.1, Theorem 1.2 and Theorem 1.3 guarantees this. Note that also our result extends Butler's work in these ranges. (3) This part is due to Butler [2] .
Comparing this with Table 2 in §3.3 about higher syzygies of the Veronese embedding, it is deduced that (X, aH + π * B) is closely related to that of fibres, i.e. (P n , O P n (a)). Remark 1. If µ − (π * L) = 2g + 2p for some p ≥ 1, then it is a tedious calculation to check that
That is, our results are sharper that Butler's.
The organization of this paper is as follows. In §3, we review some necessary elementary facts about vector bundles over a curve, regularity over ruled varieties over a variety of arbitrary dimension, etc. Also we explain that the above question (⋆) makes sense only for a = 1 or n = 1 or n = 2 and a = 2. §4 is devoted to prove Theorem 1.1, Theorem 1. 
Notation and Conventions
Throughout this paper the following is assumed.
(1) All varieties are defined over the complex number field (2) For a finite dimensional C-vector space V , P(V ) is the projective space of one-dimensional quotients of V . (3) When a projective variety X is embedded in a projective space P r by a very ample line bundle L on it, we may write O X (1) instead of L so long as no confusion arise. (4) For a vector bundle F on C, the slope µ(F) is defined to be deg(F)/rank(F).
Also µ + (F) denotes max{µ(S)|0 → S → F} and µ − (F) denotes min{µ(Q)|F → Q → 0}. (5) We remark a well-known criterion for Property N p (cf. Lemma 1.6, [4] ). Let X be a smooth projective variety and let L be a very ample line bundle such that H 1 (X, L j ) = 0 for all j ≥ 1. Consider the canonical exact sequence
Then L has Property N p if and only if H 1 (X, ∧ i M L ⊗ L j ) = 0 for all 1 ≤ i ≤ p + 1 and j ≥ 1.
Preliminaries
3.1. Several properties of vector bundles over a curve. The value µ − for vector bundles over a projective smooth curve C satisfies the following elementary properties.
Lemma 3.1. For vector bundles E, F and G on C,
Therefore for a vector bundle E, if µ − (E) > 2g−1, then the evaluation map determines an exact sequence of bundles:
And Butler obtained the following very useful result:
This fact will be used in several inequalities.
Regularity of vector bundles over ruled varieties.
We recall some basic facts about the regularity of vector bundles over ruled varieties. Let E be a vector bundle of rank n + 1 over a smooth projective variety Y and let X = P Y (E) with the projection map π : X → Y and tautological line bundle H.
for every i ≥ 1.
Here
We present some basic facts about the π-regularity (Lemma 3.2, [2] ). Lemma 3.3. Let F and G be two vector bundles on X with f and g π-regularity, respectively.
(3) If f ≤ 0 and F = π * (π * F), there is an exact sequence of vector bundles on X For a = 1, one can find this in (Proposition 7.10, [8] ). For a ≥ 2, consider the vector bundle F = π * (aH) on Y . Then X ⊂ P Y (F) is given by a fiberwise a-uple map with (O P(F) (1) + π * ℓA)| X = aH + π * ℓA. Since O P Y (F) (1) + π * ℓA is very ample for sufficiently large ℓ, so is aH + π * ℓA. Along this line, it seems natural to investigate higher syzygies of aH + π * ℓA. For X = Y × P n , i.e. E = O ⊕n+1 Y in our situation, the following fact shows that higher syzygies of aH + π * ℓA is obstructed by that of the Veronese embedding (P n , O P n (a)). Proposition 3.4 (Rubei, [12] ). Let X and Y be two projective varieties and let L 1 ∈ PicX and L 2 ∈ PicY be very ample line bundles. Let π 1 : X × Y → X and π 2 : X × Y → Y be two projections. Suppose that L 1 and L 2 satisfy Property N 1 . If L 1 does not satisfy Property N p for some p ≥ 2, then π * 1 L 1 ⊗ π * 2 L 2 ∈ Pic(X × Y ) fails to satisfy Property N p .
For X = Y × P n with projection map π 2 : X → P n , H is just equal to π * 2 O P n (1). Therefore for (Y, A) satisfying Property N 1 , the following is deduced:
1. For n = 2, a ≥ 3, aH + π * A does not satisfy Property N 3a−2 . 2. For n ≥ 3, a = 2, aH + π * A does not satisfy Property N 6 .
3. For n ≥ 3, a ≥ 2, aH + π * A does not satisfy Property N 3a−2 .
Indeed this follows immediately from higher syzygies of Veronese embedding, which can be tabulated as follows: The parenthesized numbers in the table refer to the notes which explain each entry.
(1) If a = 1, this is trivial. For n = 1(rational normal curves) or n = a = 2(Veronese surface), it is well known that (P n , O P n (a)) has a minimal degree and we get the statement. (2) When n = 2 and a ≥ 3, Birkenhake [1] proved that Property N 3a−3 holds and Ottaviani-Paoletti [10] proved that Property N 3a−2 fails to hold. (3) (Jozefiak-Pragacz-Weyman, [9] ) When n ≥ 3 and a = 2, N p holds if and only if p ≤ 5. (4) We first remark M. Green's result that (P n , O P n (a)) satisfies Property N a [6] .The above statement is due to Ottaviani-Paoletti result [10] . On the other hand let A ∈ PicY be an ample line bundle and assume that a = 1 or n = 1 or n = 2 and a = 2. Then from above observation one may expect that for any give p ≥ 0, aH + π * ℓA satisfies Property N p for all sufficiently large ℓ. In the next section we prove this when Y is a curve.
Main theorems
This section is devoted to prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. Throughout this section, C is a smooth projective curve of genus g and E is a vector bundle of rank n + 1 over C. For the ruled variety X = P C (E) with tautological line bundle H and projection map π : X → C, we investigate Property N p for the line bundle L = aH + π * B with a ≥ 1 and B ∈ PicC. Put π * L = F which is just equal to S a (E) ⊗ B, and throughout this section assume that µ − (F) ≥ 2g + 1.
We remark the following simple and useful fact (cf. Lemma 5.3 in [2] ). Proof. Let Y = P(F). Then by Lemma 3.1, O Y (1) is very ample. Then X ⊂ Y is given by a fiberwise k-uple map and O Y (1)| X = L, which guarantees the assertion.
By Lemma 3.3.(3), there is an exact sequence of vector bundles on
where the vector bundle K L on X is 1 π-regular. So we have the following commutative diagram
where V = H 0 (X, L). Here the first column is the pull-back by π of the sequence 
Proof. From the following Lemma 4.3,
Since H 1 (X, L j ) = 0 for all j ≥ 1, the proof is completed.
be an exact sequence of vector bundles on Z. For fixed integers q ≥ 1 and i ≥ 0, if
Proof. From the filtration
we obtain the following short exact sequences
Therefore the Lemma is proved by using the induced cohomology long exact sequences.
Now we start to prove Theorem 1.1, Theorem 1.2 and Theorem 1.3 in the following three subsections.
4.1.
The case a = 1. First we prove Theorem 1.1, that is, we concentrate on the case a = 1 for arbitrary n ≥ 1. We begin with applying Bott formula(eg. [11] ) to ruled varieties. Let Y be a projective variety and let E be a vector bundle of rank n + 1. Let X = P Y (E) with the tautological line bundle O X (1) and projection morphism π : X → Y . Then there is a natural exact sequence
where Ω X/Y denotes the relative canonical sheaf which is clearly of rank n. 
(2) For i ≥ 1, 1 ≤ j ≤ n and k ≥ 1,
Proof. For every y ∈ Y ,
. Then by Bott formula, h i (P n , Ω j P n (k)) = k+n−j k k−1 j if i = 0, 1 ≤ j ≤ n and k > j, and 0 if i ≥ 1, 1 ≤ j ≤ n and k ≥ 1 which completes the proof of (1) and (2) . Finally (3) follows from R i π * (Ω j X/Y (k) ⊗ π * F) = R i π * (Ω j X/Y (k)) ⊗ F = 0 for i ≥ 1, 1 ≤ j ≤ n and k ≥ 1 which is guaranteed by (2) and projection formula. Now we start to prove Theorem 1. We concern the line bundle L of the form H + π * B. Here we assume that π * L = E which is always possible by product a proper line bundle of C to E. Note that in the diagram (1) of this section, K L = Ω X/C ⊗ L where Ω X/C is the relative differential sheaf. In particular we have the exact sequence
Proof of Theorem 1.1. By Lemma 4.2, it suffices to show that for every 1 ≤ ℓ ≤ p + 1, 0 ≤ i ≤ ℓ and j ≥ 1,
. This is guaranteed by Lemma 3.1 and the following estimation:
Here the last inequality is equivalent to our assumption on p.
Lemma 4.5. µ − (π * ∧ a Ω X/C ⊗ L a+j ) ≥ (a + j)µ − (E) for every j ≥ 1.
Proof. From
we get the exact sequence
for every j ≥ 1. Then from Proposition 4.4, R 1 π * ∧ a+1 Ω X/C ⊗ L a+j = 0 and hence we get the exact sequence
Now by applying Lemma 3.1.(4), µ − (π * ∧ a Ω X/C ⊗ L a+j ) ≥ µ − (π * ∧ a+1 π * E ⊗ L j−1 ) = (a + j)µ − (E).
4.2.
The case n = 1. Here we prove Theorem 1.2. So X is a ruled surface over C.
In this subsection we use the following usual notations: e = ∧ 2 E and e = − deg(e) Note that in the exact sequence
given in the diagram (1) of this section, K L is a vector bundle of rank a and 1 πregular. We prove the following:
Proof of Theorem 1.2. From the exact sequence
it suffices to show that ,
Case 1. First we concentrate on the case ℓ − i = 0. Then
and hence it suffices to show
Since µ − (M F ) < 0, we have
which is equivalent to our assumption on p.
Case 2. Now we consider the case ℓ − i ≥ 1. Because K L is of rank a, we only consider the cases ℓ − i ≤ a. Since ∧ ℓ−i K L is a direct summand of the tensor product T ℓ−i (K L ), we may instead show that
Note that since ℓ − i ≤ a, T ℓ−i (K L ) ⊗ L j is 0 π-regular for j ≥ 1. Therefore
Also since K L ⊗ H is 0 π-regular and
repeated application of Lemma 3.3 shows that
Here the second inequality comes from Lemma 4.6. Also note that −2µ − (E) + e ≥ 0. Therefore
and hence we have the desired vanishing.
Proof. This follows immediately from (Lemma 4.3, [2] ).
4.3.
The case n = 2 and a = 2. Finally we prove Theorem 1.3 in §1. Here E is a rank 3 vector bundle and as in the previous subsection, we use the following notations: e = ∧ 3 E and e = − deg(e)
We consider Property N p for the line bundle L = 2H + π * B ∈ PicX with B ∈ PicC.
Proof of Theorem 1.3. Again we use the commutative diagram (1) introduced in the first of this section. From the exact sequence
by Lemma 4.2. But since K L is a rank 5 vector bundle on X, we only consider the cases ℓ − i ≤ 5.
We want to prove that H 1 (X, ∧ i π * M F ⊗ L j ) = 0 for every 1 ≤ i ≤ p + 1 and j ≥ 1.
But
is ample line bundle then we obtain the desired vanishing thanks to Kodaira vanishing theorem. Remark that
is ample line bundle on X if and only if
is ample vector bundle on C or equivalently
In the following Lemma 4.8, it is checked that
which completes our proof.
But since
the above vanishing follows from
Proof. From the sequence in Case 4 of the above proof, we have
Then by π * , 0 = R 1 π * ∧ 5 π * F ⊗ L −1 →R 1 π * ∧ 4 K L → R 2 π * ∧ 6 π * F ⊗ L −2 → R 2 π * ∧ 5 π * F ⊗ L −1 = 0 and hence [8] ). Also from the exact sequence
we obtain the following exact sequence by π * :
Therefore if we let the image of π * ∧ 4 π * F → π * ∧ 3 K L ⊗ L be G, then
↓ 0 which gives the following estimation: 
Open Questions
Here we present some open questions related to our results. As discussed in §3.3, it seems true that higher syzygies of the fibre of π, i.e. (P n , O P n (a)) effect higher syzygies of (X, aH + π * B) although Proposition 3.4 can be applied to the cases of trivial vector bundles. Therefore we can ask the following:
Problem 1. Let Y be a smooth projective variety and let E be a vector bundle of rank n + 1 over Y . For X = P Y (E) with the tautological line bundle H and projection morphism π : X → Y , let L = aH + π * B be a very ample line bundle. Then (1) For n = 1, a ≥ 3, L does not satisfy Property N 3a−2 .
(2) For n ≥ 2, a = 2, L does not satisfy Property N 6 .
(3) For n ≥ 2, a ≥ 2, L does not satisfy Property N 3a−2 .
On the other hand, , Ottaviani and Paoletti conjectured the following:
Conjecture. (Ottaviani-Paoletti, [10] ) For (P n , O P n (a)), assume that n ≥ 3 and a ≥ 3. Then Property N p holds if and only if p ≤ 3a − 3.
And this can be generalized as follows:
Problem 2. In the same situation as above, assume that n ≥ 2 and a ≥ 3 and let A ∈ PicY be ample. When ℓ is large enough, does Property N 3a−3 hold for aH +π * ℓA?
Clearly this implies Ottaviani-Paoletti's conjecture thanks to Proposition 3.4. Also it is natural to extend Theorem 1.1, Theorem 1.2 and Theorem 1.3 to the case when the base variety is of arbitrary dimension.
Problem 3. Let A ∈ PicY be an ample line bundle and assume that a = 1 or n = 1 or n = 2 and a = 2. For any given p ≥ 0, find a low bound for n p (A) such that aH + π * ℓA satisfies Property N p for all ℓ ≥ n p (A).
